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where a delay incurred by some train causes a cascade of delayed trains, should
be avoided.

 The station operating schedule should be robust, i.e. an operating schedule

The Dutch Railway Company (NS) is very interested in improving the handling
of trains in large stations. This interest stems from the fact that the NS is currently involved in several large station development projects. Existing stations are
extended by adding platform tracks, track sections, switches, etc. To be able to
evaluate these costly station development projects, the NS is looking for tools and
techniques to determine the quality of trac control in large railway stations.
Given a new infrastructure the NS has to analyse various station operating schedules. The NS aims at station operating schedules that conform to a number of
quality criteria:

1. Introduction

Keywords: Petri nets, analysis of timed Petri nets, railway stations

In this paper interval timed coloured Petri nets ([3]) are used to model and analyse
railway stations. We will show that this approach can be used to evaluate both station operating
schedules and the infrastructure of a station.
An interval timed coloured Petri net (ITCPN) is a coloured Petri net extended with time; time
is in tokens and transitions determine a delay for each produced token. This delay is speci ed
by an upper and lower bound, i.e. an interval. The ITCPN model allows for the modelling of
the dynamic behaviour of large and complex systems, without loosing the possibility of formal
analysis. In addition to the existing analysis techniques for coloured Petri nets, we use a new
analysis method to analyse the temporal behaviour of the net. This method constructs a reduced
reachability graph and exploits the fact that delays are described by an interval. We will also
discuss other (Petri net based) methods that can be used to analyse railway stations.

Abstract.

M.A. ODIJK
odijk@twi.tudelft.nl
Department of Mathematics and Computing Science, Delft University of Technology, Mekelweg 4,
2628 CD, Delft, The Netherlands

W.M.P. VAN DER AALST
wsinwa@win.tue.nl
Department of Mathematics and Computing Science, Eindhoven University of Technology, P.O.
Box 513, 5600 MB, Eindhoven, The Netherlands

Analysis of Railway Stations by Means of
Interval Timed Coloured Petri Nets *

c

W.M.P. VAN DER AALST AND M.A. ODIJK

The ITCPN model uses a rather new timing mechanism where time is associated
with tokens. This timing concept has been adopted from Van Hee et al. [10], [11]. In
the ITCPN model we attach a timestamp to every token. This timestamp indicates
the time a token becomes available. Associating time with tokens seems to be
the natural choice for high-level Petri nets, since the colour is also associated with
tokens. The enabling time of a transition is the maximum timestamp of the tokens
to be consumed. Transitions are eager to re (i.e. they re as soon as possible),
therefore the transition with the smallest enabling time will re rst. Firing is an
atomic action, thereby producing tokens with a timestamp of at least the ring
time. The di erence between the ring time and the timestamp of such a produced
token is called the ring delay. The ( ring) delay of a produced token is speci ed
by an upper and lower bound, i.e. an interval.
Instead of using `interval timing', we could have used a Petri net model with xed
delays or stochastic delays.
Petri nets with xed (deterministic) delays have been proposed in [11], [23], [25],
[27]. They allow for simple analysis methods but are not very expressive, because
in a real system the durations of most activities are variable.
One way to model this variability, is to assume certain delay distributions, i.e.
to use a timed Petri net model with delays described by probability distributions.
These nets are called stochastic Petri nets ([8], [16], [17]). Analysis of stochastic
Petri nets is possible (in theory), since the reachability graph can be regarded,
under certain conditions, as a Markov chain or a semi-Markov process. However,
these conditions are severe: all ring delays have to be sampled from an exponential
distribution or the topology of the net has to be of a special form (Ajmone Marsan
et al. [16]). Since there are no general applicable analysis methods, several authors
resorted to using simulation to study the behaviour of the net (see section 3 and
subsection 4.4).

In cooperation with Bakkenist, Delft University of Technology and Eindhoven University of Technology, the NS has developed a general simulation model to evaluate
both station operating schedules and the infrastructure of a station (see [21], [22]).
They have used the software package ExSpect ([5]) for this purpose. ExSpect is
based on a coloured Petri net model extended with time. Besides this simulation
study, we also applied some more advanced Petri net based analysis techniques. For
this purpose we have used the Interval Timed Coloured Petri Net (ITCPN) model
and an analysis method, called MTSRT, that is based on this model ([2], [3]).

trains should be as small as possible.
 If possible, trains with the same geographical destination should be assigned to
the same (set of) platforms.
Moreover, the station operating schedule has to satisfy a number of constraints (e.g.
safety constraints, technical constraints, etc.).

 There should be no unnecessary waiting of trains, i.e. the throughput times of
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Figure 1. A railway station

To avoid these problems, we propose delays described by an interval specifying
an upper and lower bound for the duration of the corresponding activity. On the
one hand, interval delays allow for the modelling of variable delays, on the other
hand, it is not necessary to determine some arti cial delay distribution (as opposed
to stochastic delays). Instead, we have to specify bounds. These bounds can
be used to verify time constraints. This is very important when modelling timecritical systems, i.e. real-time systems with `hard' deadlines. These hard (real-time)
deadlines have to be met for a safe operation of the system. An acceptable behaviour
of the system depends not only on the logical correctness of the results, but also
on the time at which the results are produced. Clearly, the control of a railway
junction is an example of such a system.
Now, let us focus on the the problem addressed by this paper. In this paper we study
a station and its access lines, i.e. a railway junction. The network of platforms,
accesslines, switches and track sections can be represented by a graph (see gure 1).
In this particular example there are 6 access lines (A, B, ..) and 8 platforms or parts
of a platform (p11, p12, ..). Note that platforms, switches and track sections are
divided into logical sections. At any moment a section is either free of occupied.
A section is occupied if it is claimed (locked) by some train. Two trains cannot
occupy a section at the same time. There are three possible reasons for occupying
a section: (1) a train resides on the section, (2) the train will visit the section in
the near future or (3) the section is locked for safety reasons only.
We assume that the route-locking sectional-release principle (Bourachot [7]) is
used, i.e. a train which arrives claims an entire route (a list of sections), a section
is cleared when the train tail passes the release point of this section. An example of a
route from entry point A to exit point E is: s11,s12,s13,s14,p11,s5,p22,s25,s26.
A train t may enter the rst section if and only if all the sections on that route are
free and subsequently these sections become claimed by train t. A claimed section

Given arrival times of trains, stopping times and timing characteristics of sections,
platforms, trains, etc. we want to analyse: (1) throughput and waiting times of
trains and (2) occupation rates of sections. In this paper we will show that we can
use an approach based on interval timed coloured Petri nets to calculate upper and
lower bounds for these performance gures.
In section 2 we introduce the ITCPN model. Section 3 deals with the analysis of
interval timed coloured Petri nets. In this section, we describe the MTSRT analysis
method. In section 4 we show how a station can be modelled in terms of an ITCPN.
We will also show some analysis results obtained by applying the MTSRT method
and other more traditional analysis methods.

2. Interval Timed Coloured Petri Nets
In this section we give an informal introduction to the ITCPN model. The formal
de nition is given in appendix A. For the formal semantics of the ITCPN model
the reader is referred to [2] or [3]. We use an example to introduce the notion of
interval timed coloured Petri nets. Figure 2 shows an ITCPN composed of four
places (train in, busy section, free section and train out) and two transitions (enter and leave). At any moment, a place contains zero or more tokens,
drawn as black dots. In the ITCPN model, a token has three attributes: a position,
a value and a timestamp, i.e. we can use the tuple hhp; vi; xi to denote a token in
place p with value v and timestamp x. The value of a token is often referred to as
the token colour. Each place has a colour set attached to it which speci es the
set of allowed values, i.e. each token residing in place p must have a colour (value)
which is a member of the colour set of p.
The ITCPN shown in gure 2 represents a section in a railway station, trains
arrive via place train in and leave the system via place train out. Sections are
either `free' or `busy'. Each section is represented by a token which is either in
place busy section or in place free section. There are three colour sets T = f
T1, T2, T3, .. g, S = f S1, S2, S3, .. g and T  S . Colour set T (train
types) is attached to place train in and place train out, colour set S (section
identi ers) is attached to place free section. Colour set T  S is attached to
place busy section.
Places and transitions are interconnected by arcs. Each arc connects a place
and a transition in precisely one direction. Transition enter has two input places
(train in and free section) and one output place (busy section). Transition
leave has one input place (busy section) and two output places (train out and
free section).
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Figure 2. An interval timed coloured Petri net which models one section

Places are passive components, while transitions are the active components. Transitions cause state changes. A transition is called enabled if there are `enough'
tokens on each of its input places. In other words, a transition is enabled if all
input places contain (at least) the speci ed number of tokens (further details will
be given later). An enabled transition may occur ( re) at time x if all the tokens
to be consumed have a timestamp not later than time x. The enabling time of
a transition is the maximum timestamp of the tokens to be consumed. Because
transitions are eager to re, a transition with the smallest enabling time will re
rst.
Firing a transition means consuming tokens from the input places and producing
tokens on the output places. If, at any time, more than one transition is enabled,
then any of the several enabled transitions may be `the next' to re. This leads to
a non-deterministic choice if several transitions have the same enabling time.
Firing is an atomic action, thereby producing tokens with a timestamp of at least
the ring time. The di erence between the ring time and the timestamp of such a
produced token is called the ring delay. This delay is speci ed by an interval,
i.e. only delays between a given upper bound and a given lower bound are allowed.
In other words, the delay of a token is `sampled' from the corresponding delay
interval. Note that the term `sampled' may be confusing, because the modeller
does not specify a probability distribution, merely an upper and lower bound.
Moreover, it is possible that the modeller speci es a delay interval which is too
wide, because of a lack of detailed information. In this case, the actual delays (in
the real system) only range over a part of the delay interval.
The number of tokens produced by the ring of a transition may depend upon the
values of the consumed tokens. Moreover, the values and delays of the produced
tokens may also depend upon the values of the consumed tokens. The relation
between the multi-set of consumed tokens and the multi-set of produced tokens
is described by the transition function. Function F (enter) speci es transition
enter in the net shown in gure 2:

dom(F (enter )) = fhtrain in; ti + hfree
For t 2 T and s 2 S , we have:

section ; si

j t 2 T and s 2 Sg

Figure 3. Transition enter has red

F (enter )(htrain in; ti + hfree section ; si) = hhbusy section ; ht; sii; [1; 3]i
(Note that htrain in; ti + hfree section; si and hhbusy section; ht; sii; [1; 3]i are
multi-sets, see appendix A.1.) The domain of F (enter) describes the condition
on which transition enter is enabled, i.e. enter is enabled if there is (at least)
one token in place train in and one token in free section. This means that
transition enter may occur if there is a train waiting to enter the section and the
section is free. Note that, in this case, the enabling of a transition does not depend
upon the values of the tokens consumed. The enabling time of transition enter
depends upon the timestamps of the tokens to be consumed. If enter occurs, it
consumes one token from place train in and one token from free section and it
produces one token for place busy section. The colour of the produced token is a
pair ht; si, where t represents the train and s represents the section. The delay of
this token is an arbitrary value between 1 and 3, e.g. 2, 2:55 or 4=3. The situation
shown in gure 3 is the result of ring enter in the state shown in gure 2. In this
case the delay of the token produced for busy section was equal to 2.
Transition leave is speci ed as follows:
dom(F (leave )) = fhbusy section ; ht; sii j t 2 T and s 2 Sg
For t 2 T and s 2 S , we have:
F (leave )(hbusy section ; ht; sii) =
hhtrain out; ti; [0; 0]i + hhfree section ; si; [0; 0]i
Transition leave is used to represent trains leaving the section. If leave occurs, it
consumes one token from place busy section and it produces two tokens (one for
train out and one for free section) both with a delay equal to zero. If leave
occurs in the state shown in gure 3, then the resulting state contains two tokens:
hhtrain out; T 1i; 3i and hhfree section; S 1i; 3i.

3. The MTSRT Method
In the ITCPN model, a delay is described by an interval rather than a xed value or
some delay distribution. On the one hand, interval delays allow for the modelling
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Simulation is a technique to analyse a system by conducting controlled experiments.
Because simulation does not require dicult mathematical techniques, it is easy to
understand for people with a non-technical background. Simulation is also a very
powerful analysis technique, since it does not set additional restraints. However,
sometimessimulationis expensive in terms of the computer time necessary to obtain
reliable results. Another drawback is the fact that (in general) it is not possible to
use simulation to prove that the system has the desired set of properties.
Recent developments in computer technology stimulate the use of simulation for
the analysis of timed coloured Petri nets. The increased processing power allows
for the simulation of large nets. Modern graphical screens are fast and have a
high resolution. Therefore, it is possible to visualize a simulation graphically (i.e.
animation).
Reachability analysis is a technique which constructs a reachability graph, sometimes referred to as reachability tree or occurrence graph (cf. Jensen [13], [15]).
Such a reachability graph contains a node for each possible state and an arc for
each possible state change. Reachability analysis is a very powerful method in the
sense that it can be used to prove all kinds of properties. Another advantage is
the fact that it does not set additional restraints. Obviously, the reachability graph
needed to prove these properties may, even for small nets, become very large (and
often in nite). If we want to inspect the reachability graph by means of a computer, we have to solve this problem. This is the reason several authors developed
reduction techniques (Hubner et al. [12] and Valmari [26]). Unfortunately, it is not
known how to apply these techniques to timed coloured Petri nets.
For timed (coloured) Petri nets with certain types of stochastic delays it is possible
to translate the net into a continuous time Markov chain. This Markov chain can
be used to calculate performance measures like the average number of tokens in a
place and the average ring rate of a transition.
If all the delays are sampled from a negative exponential probability distribution,
then it is easy to translate the timed Petri net into a continuous time Markov chain.

of variable delays, on the other hand, it is not necessary to determine some arti cial
delay distribution (as opposed to stochastic delays). These delay intervals are used
to specify bounds for durations. We willuse these bounds to verify time constraints.
This is very important when modelling time-critical systems, i.e. real-time systems
with `hard' deadlines. An acceptable behaviour of the system depends not only on
the logical correctness of the results, but also on the time at which the results are
produced. Therefore, we are interested in techniques to verify these deadlines and
to calculate upper and lower bounds for all sorts of performance criteria. This is the
reason we developed the Modi ed Transition System Reduction Technique
(MTSRT), which was presented in [2] and [3]. Before giving a short description of
this analysis method, we provide a brief survey of existing techniques which can
be used to analyse the dynamic behaviour of timed and coloured Petri nets. The
techniques may be subdivided into three classes: simulation, reachability analysis
and Markovian analysis.
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The Modi ed Transition System Reduction Technique is a technique which
generates the reduced reachability graph to answer all kinds of questions.
If we try to construct the reachability graph of an ITCPN in a straightforward
manner we get into problems. The basic idea of a reachability graph is to organize
all reachable markings in a graph, where each node represents a state and each
arc represents an event transforming one state into another state. Consider for
example the reachability graph shown in gure 4. Suppose that s1 is the initial
state of the ITCPN we want to consider. This state is connected to a number of
states s11; s12; s13; :: reachable from s1 by the ring of some transition, i.e. s1 ;!
s1i. These states are called the `successors' (or children) of the s1. Repeating
this process produces the graphical representation of the reachability graph, see
gure 4. Such a reachability graph contains all relevant information about the
dynamic behaviour of the system. If we are able to generate this graph, we can

Besides the aforementioned techniques to analyse the behaviour of timed coloured
Petri nets, there are several analysis techniques for Petri nets without `colour' or
explicit `time'. As an example, we mention the generation of place and transition
invariants, which may be used to verify properties which are time independent. For
more information about the calculation of invariants in a coloured Petri net, see
Jensen [13], [15].

Several authors attempted to increase the modelling power by allowing other kinds
of delays, for example mixed deterministic and negative exponential distributed
delays, and phase-type distributed delays (see Ajmone Marsan et al. [16]). Only a
few stochastic Petri net models (and related analysis techniques) allow for coloured
tokens, because the increased modellingpower is o set by computational diculties.
This is the reason stochastic high-level Petri nets are often used in a simulation
context only.
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Figure 4. A reachability graph
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answer many questions about the behaviour of the system. However, for an ITCPN
this graph is generally in nite! This is mainly caused by the fact that we use interval
timing. Consider an enabled transition t. In general, there is an in nite number
of allowed ring delays, all resulting in a di erent state. If transition t produces
a token for a place with a delay x speci ed by the delay interval [1; 3], then every
delay x between 1 and 3 is allowed. Moreover, every x leads to a di erent state.
Since one ring already results in a `fan-out' of reachable states, the reachability
graph cannot be used to analyse the system.

p1

To avoid this fan-out problem, we propose a reduction which aggregates states into

p2

state classes. Informally speaking, state classes are de ned as the union of sim-

ilar states having the same token distribution (marking) but di erent timestamps
(within certain bounds).
A state s of an ITCPN is a multi-set of tuples hhp; vi; xi. Each tuple hhp; vi; xi
corresponds to one token in the net; p is the location of the token (i.e. the place
where it resides), v is the value (colour) of the token and x is the timestamp of the
token (i.e. the time it becomes available).
A state class s is also a multi-set of tuples hhp; vi; [y; z]i. Each tuple also corresponds to one token in the net. However, instead of a timestamp each token has a
time-interval. Each state class corresponds to a set of states and vice versa. State
class s corresponds to state s if and only if there is a bijection between the tokens
in s and s such that hhp; vi; [y; z]i is mapped onto hhp; vi; xi with x 2 [y; z] (i.e. a
token residing in the same place, having the same value and a timestamp which is
within the time-interval [y; z]). We can think of these state classes as some kind of
equivalence classes.
By using this reduction each token bears a time-interval instead of a timestamp.
Therefore, we have to modify the ring rules described in section 2.
A transition is still enabled if there are enough tokens on each of its input places.
However, the enabling time of a transition t is given by an interval! The lower
bound of this interval is the minimal enabling time and upper bound of this
interval is the maximal enabling time of t. These bounds are calculated by
taking the maximum of the upper and lower bounds of the time-intervals of the
tokens to be consumed respectively. We will use an example to clarify the modi ed
ring rule.
Consider the net shown in gure 5. Initially, there is one token in place p1 with
an interval of [0; 3], there is one token in p2 with an interval of [2; 5] and there is
one token in p3 with an interval of [4; 6]. Note that this state class s corresponds
to an in nite number of states in the original reachability graph, for instance the
state with a token in p1 with timestamp 2:4 and a token in p2 with timestamp 
and a token in p3 with timestamp 31=6. Both transitions are enabled. If transition
t1 res rst, then the tokens in p1 and p2 are consumed, if transition t2 res rst,
then the tokens in p2 and p3 are consumed. The enabling time of t1 is between 2
(ETmin(t1)) and 5 (ETmax (t1)), the enabling time of t2 is between 4 (ETmin(t2))

[0,3]

t1

[0,2]
[2,5]

p4
[1,3]

[4,6]

t2
p3

Figure 5. An example used to illustrate the modi ed ring rule

and 6 (ETmax(t2)). The transition with the smallest enabling time will re rst.
Since the intervals associated to the enabling times of the transitions (i.e. [2; 5] and
[4; 6]) overlap it is not determined whether t1 or t2 res rst. However, the upper
bound of the transition time (MTmax (s)) is equal to 5, i.e. a transition will re
before or at time 5. If t1 res, it will be between 2 (ETmin(t1)) and 5 (MTmax (s)).
If t2 res, it will be between 4 (ETmin(t2)) and 5 (MTmax (s)). In both cases a
token is produced for place p4. There are two possible terminal states: one with a
token in p3 and p4 and one with a token in p1 and p4. In the rst case the time
interval of the token in p4 is [2; 7], because the delay interval of a token produced
by t1 is [0; 2]. In the second case the time interval of the token in p4 is [5; 8]. Using
intervals rather than timestamps prevented us from having to consider all possible
delays in the intervals [0; 2] and [1; 3], i.e. it suces to consider upper and lower
bounds.
In Van der Aalst [2] and [3] a formal de nition of these alternative semantics are
given. If we use these semantics to construct a reachability graph, we obtain the
reduced reachability graph which is nite for any practical application (see [2]).
The alternative semantics have been introduced for computational reasons only.
However, calculating the reduced reachability graph only makes sense if the reduced
reachability graph can be used to deduce properties of the original reachability
graph which represents the behaviour of the ITCPN. Therefore, we have to prove
that there exists some meaningful relationship between the original reachability
graph and the reduced reachability graph. Fortunately, the alternative semantics
are `sound' which means that any state reachable in the original reachability graph
is also reachable in the reduced reachability graph. A formal proof is given in [2]
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r1_begin

lock_r1

r1_1
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release_r1_p1
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release_r1_s4

r1_end

r2_3

release_r2_p2

r2_4

release_r2_s3

r2_5

release_r2_s4

r2_end

B
s2

s3
s1

p2

s2

Figure 6. A simple railway station

p1

and [3]. In these references it is also shown that the opposite is not true, i.e. the
alternative semantics are not `complete'.
Despite the non-completeness, the soundness property allows us to answer various
questions. We can prove that a system has a desired set of properties by proving
it for the modi ed transition system. For example, we can often use the reduced
reachability graph to prove boundedness, absence of traps and siphons (deadlocks),
etc. The reduced reachability graph may also be used to analyse the performance
of the system modelled by an ITCPN. With performance we mean characteristics,
such as: response times, occupation rates, transfer rates, throughput times, failure
rates, etc. The MTSRT method can be used to calculate bounds for these performance measures. Although these bounds are sound (i.e. safe) they do not have
to be as tight as possible, because of possible dependencies between tokens (noncompleteness). However, experimentation shows that the calculated bounds are
often of great value and far from trivial. Moreover, we are able to answer questions
which cannot be answered by simulation or the method proposed by Berthomieu
et al. [6].
We have modelled and analysed many examples using the approach presented in
this paper, see Van der Aalst [1], [2] and Odijk [20]. To facilitate the analysis of
real-life systems we have developed an analysis tool, called IAT ([2]). This tool
also supports more traditional kinds of analysis such as the generation of place and
transition invariants. IAT is part of the software package ExSpect (see ASPT [5],
Van Hee et al. [11] and Van der Aalst [2], [4]).

4. Analysis of railway stations
4.1. Modelling a railway station
In this section we show how to model a railway station, i.e. a junction of railways,
in terms of an interval timed coloured Petri net. Figure 6 shows a railway junction
which is divided into a number of sections. Each of the sections p1 and p2 corresponds to a platform. There are two switches; one in section s2 and one in s3.
We assume that every train arrives via entry point A and leaves via exit point B.
In this case there are two routes, one via platform p1 (route r1) and the other one
via platform p2 (route r2).

p2

s3

s4

r2_begin

lock_r2

r2_1

release_r2_s1

r2_2

release_r2_s2

Figure 7. An ITCPN for a simple railway junction

When a train enters a section, it takes between 0.40 and 0.45 minutes to release
this section. Stopping alongside a platform takes between 4 and 6 minutes. We can
specify a route by a list of sections and durations:
r1:
r2:

s1[0.4,0.45] s2[0.4,0.45] p1[4,6] s3[0.4,0.45] s4[0.4,0.45]
s1[0.4,0.45] s2[0.5,0.55] p2[4,6] s3[0.5,0.55] s4[0.4,0.45]

Note that each duration is speci ed by an interval, i.e. an optimistic and a pessimistic estimate. Given such a speci cation of the possible routes inside the railway station, we have sucient information to construct the corresponding ITCPN
shown in gure 7. Each section corresponds to a place (s1, s2, p1, p2, s3 and
s4) and each route corresponds to a subnet which locks and releases sections.
We use the route-locking sectional-release principle. Trains for route r1 enter via
place r1 begin. If such a train arrives and the sections s1, s2, p1, s3 and s4
are free, then transition lock r1 res. (Otherwise the train has to wait until the
speci ed sections are released.) Transition lock r1 consumes a token from each
place which represents a section on route r1. Transition lock r1 produces a token for place r1 1 with a delay between 0.40 and 0.45 time units. Transition
release r1 s1 releases section s1 and produces a token for place r1 2 with a delay
between 0.40 and 0.45 time units, etc. Transition release r1 s4 releases the last
section locked by the train and produces a token for r1 end. Note that each of the
places r1 begin, r1 1, r1 2, .. ,r1 end corresponds to a stage in process of
using route r1. Route r2 is modelled in a similar way (see gure 7).
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r1_begin

lock_r1

r1_1

release_r1_s1

r1_2

release_r1_s2
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4.2. Structural analysis

r1_3

lock_r1_2
s1
release_r1_p1 r1_4
r1_cont

release_r1_s3

r1_5

release_r1_s4

r1_end

s2

p1
p2

s3
r2_cont
release_r2_p2

r2_4

release_r2_s3

r2_5

release_r2_s4

r2_end

s4
lock_r2_2

r2_begin

lock_r2

r2_1

release_r2_s1

r2_2

release_r2_s2
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r2_3

Figure 8. The modi ed ITCPN

To support the construction of such a net, we have developed a tool which automatically translates the speci cation of the possible routes into an ITCPN.
We have to modify the net shown in gure 7 if there are trains that claim only a
part of the route. Consider for example a train locking the route from the entry
point until the platform. When this train is ready to leave the platform, the second
part of the route is locked. We can modify the net shown in gure 7 to model this
principle, see gure 8. A train which follows route r1 rst locks sections s1,s2 and
p1, then just before this train leaves the platform p1, the sections s3 and s4 are
locked.
It is also possible to model alternative routes, etc. Since the nets can be generated
automatically the size and complexity of these nets is not a real problem. (Note
that the size of the net is linear in the number of routes and sections.)
In the remainder of this section we will show how we can analyse such a net which
represents railway junction. First, we will discuss the application of analysis techniques to derive structural properties of the net. Secondly we will apply the MTSRT
to analyse the dynamic behaviour of a railway station. Finally, we focus on the
simulation study that has been performed to analyse the railway station in Arnhem
(The Netherlands).

Several analysis methods have been developed to nd and verify structural properties of classical Petri nets ([19], [24], [18]). Although some of these techniques have
been extended to nets with `colour', most of them are only feasible for uncoloured
nets. Since the nets considered in this section are uncoloured, we can apply these
methods without any problems.
Let us start with the calculation of place and transition invariants for the net shown
in gure 7.
A place invariant (P-invariant) is a weighted token sum, i.e. a weight is associated
with every token in the net. This weight is based on the location (place) and the
value (colour) of the token. A place invariant holds if the weighted token sum of
all tokens remains constant during the execution of the net. Consider for example
the following place invariant:
r1 begin + r1 1 + r1 2 + r1 3 + r1 4 + r1 5 + r1 end = C
This invariant says that trains on route r1 do not get `lost', i.e. the total number of
tokens in the places r1 begin, r1 1, r1 2, r1 3, r1 4, r1 5 and r1 end cannot
be changed by the ring of any transition. Another invariant is:
s1 + r1 1 + r2 1 = 1
This invariant shows that section s1 is `safe', i.e. only one train is allowed to
lock a section at the same time. Similar invariants hold for route r2 and the other
sections.
Transition invariants (T-invariants) are the duals of place invariants and the basic
idea behind them is to nd ring sequences with no e ects, i.e. ring sequences
which reproduce the initial state. The net shown in gure 7 has no transition
invariants. However, if we add a transition r1 wait with input place r1 end and
output place r1 begin, then we nd the following transition invariant:
lock r1 + release r1 s1 + release r1 s2 + release r1 p1 +
release r1 s3 + release r1 s4

This means that ring each of these transitions once results in the initial state.
Many algorithms and tools have been developed to calculate invariants (see [2],
[19], [24], [18]).
s1

p1

A

p2

s2

B

Figure 9. A railway station with a potential `deadlock'

There are also some less trivial structural properties that can be investigated by
applying Petri net based analysis techniques. Consider for example the station
modelled in gure 9. Suppose there are two routes; one from A to B (r1) and one
from B to A (r2). Trains using route r1 stop alongside platform p1 and trains using
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route r2 stop alongside platform p2. Suppose two trains arrive at the same time
from di erent directions; train 1 locks s1 and p1 and train 2 locks s2 and p2 (see
section 4.1). Now both trains become blocked, i.e. a `deadlock' occurs. For this
simple railway station the existence of this deadlock is obvious, however for real
stations it is hard to detect these potential deadlocks. Note that in a terminal
station there may be many potential deadlocks.
Fortunately, we can nd these deadlocks by applying Petri net based analysis
techniques. First, we connect the entry and exit places by adding transitions (e.g.
r1 wait). Then, we determine whether the net is structurally live. A net is structurally live if and only if there is an initial state s such that for any transition t
and any state reachable from s there is ring sequence possible that res transition
t (see Murata [19]). There is a direct relation between the blocking of a train and
this liveness property; a deadlock of trains is possible if and only if the net is not
structurally live. There are special techniques to determine liveness. We can also
construct the occurrence graph to nd these deadlocks.
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8. BFa: s21[0.4,0.45] s22[0.4,0.45] s23[0.4,0.45] s34[0.4,0.45]
s35[0.4,0.45] p31[4.0,6.0] p32[0.0,0.0] s36[0.4,0.45] s37[0.4,0.45]
9. BFb: s21[0.4,0.45] s22[0.4,0.45] s23[0.4,0.45] s34[0.4,0.45]
s35[0.4,0.45] p41[4.0,6.0] p42[0.0,0.0] s36[0.4,0.45] s37[0.4,0.45]
10. CFa: s31[0.4,0.45] s32[0.4,0.45] s33[0.4,0.45] s34[0.4,0.45]
s35[0.4,0.45] p31[4.0,6.0] p32[0.0,0.0] s36[0.4,0.45] s37[0.4,0.45]
11. CFb: s31[0.4,0.45] s32[0.4,0.45] s33[0.4,0.45] s34[0.4,0.45]
s35[0.4,0.45] p41[4.0,6.0] p42[0.0,0.0] s36[0.4,0.45] s37[0.4,0.45]
s11

s12

s13

s14

p11

p12

s15

s16

A

D
s5
s21

s22

s23

s24

s25

s26

B

E

4.3. Applying the MTSRT method
We are also interested in the dynamic properties of an ITCPN which models a
railway station. Interesting performance measures are:
 throughput (or waiting) times of trains,
 occupation rates of sections.
Consider for example the railway station shown in gure 10. For this railway
station we de ne the following set of routes:
1. ADa: s11[0.4,0.45] s12[0.4,0.45] s13[0.4,0.45] s14[0.4,0.45]
p11[4.0,6.0] p12[0.0,0.0] s15[0.4,0.45] s16[0.4,0.45]
2. AEa: s11[0.4,0.45] s12[0.4,0.45] s23[0.4,0.45] s24[0.4,0.45]
p21[4.0,6.0] p22[0.0,0.0] s25[0.4,0.45] s26[0.4,0.45]
3. AEb: s11[0.4,0.45] s12[0.4,0.45] s13[0.4,0.45] s14[0.4,0.45]
p11[0.4,0.45] s5[0.4,0.45] p22[0.4,0.45] s25[0.4,0.45] s26[0.4,0.45]
4. AFa: s11[0.4,0.45] s12[0.4,0.45] s23[0.4,0.45] s34[0.4,0.45]
s35[0.4,0.45] p31[4.0,6.0] p32[0.0,0.0] s36[0.4,0.45] s37[0.4,0.45]
5. AFb: s11[0.4,0.45] s12[0.4,0.45] s23[0.4,0.45] s34[0.4,0.45]
s35[0.4,0.45] p41[4.0,6.0] p42[0.0,0.0] s36[0.4,0.45] s37[0.4,0.45]
6. BDa: s21[0.4,0.45] s22[0.4,0.45] s23[0.4,0.45] s24[0.4,0.45]
p21[4.0,6.0] s5[0.0,0.0] p12[0.0,0.0] s15[0.4,0.45] s16[0.4,0.45]
7. BEa: s21[0.4,0.45] s22[0.4,0.45] s23[0.4,0.45] s24[0.4,0.45]
p21[4.0,6.0] p22[0.0,0.0] s25[0.4,0.45] s26[0.4,0.45]

p21

s31

s32

s33

s34

p22

p31

s37

p32

C

F
s35

s36
p41

p42

Figure 10. A railway station

Route AFb runs from entry point A to exit point B via platform p41. Trains using
route AEb move from entry point A to exit point E via section s5 without stopping.
The time required to pass a section is assumed to be between 0.40 minutes and 0.45
minutes. Note that this interval may depend upon the characteristics of the route
and the section.
We can automatically transform this description into an interval timed coloured
Petri net as shown in section 4.1. The generated net contains 107 transitions and
146 places, 28 places are used to represent the sections (s11, .. s37) and the
other places mark stages of trains using a speci c route.
The initial state of this net is generated on the basis of a given timetable. Table 1
shows the rst timetable we are going to analyse. The timetable describes arrivals
of trains for a speci c hour. Since most stations use an hourly schedule during
daytime, it is reasonable to analyse one hour in isolation. Each place which marks
the beginning of a route contains the appropriate number of tokens bearing a proper
timestamp, e.g. place ADa begin contains two tokens, one with timestamp 0 and
the other with timestamp 30.
Since we have an ITCPN and an initial state, we are able to apply the MTSRT

min
6.4
6.4
6.4
6.8
7.0
6.4
6.4
8.6
10.4
6.8

throughput time
max
8.7
8.7
12.5
21.6
15.3
9.2
13.1
13.3
26.6
9.15

min
0.0
0.0
0.0
0.0
0.6
0.0
0.0
1.8
3.6
0.0

waiting time
max
0.0
0.0
3.8
12.45
6.6
0.5
4.4
4.15
17.45
0.0
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method described in section 3. The MTSRT method generates the reduced reachability graph which can be used to calculate bounds for all kinds of performance
measures. Although the occupation of sections is also interesting, we focus on the
throughput and waiting times of trains.
In this case the reduced reachability graph contains 1203 states. (Generating this
graph takes about 15 seconds on a SUN-SPARC1 workstation.) By inspecting this
graph we can deduce upper and lower bounds for the arrival times of tokens in
each place. This information can be used to calculate bounds for throughput and
waiting times of trains. Table 2 shows some of these results. The train which starts
route AFa at time 25 has a throughput time between 6.8 and 21.6 minutes. This
implies that the waiting time is between 0.0 and 12.45 minutes. This means that
it may happen that a train is delayed for nearly 13 minutes. Obviously, this is not
acceptable. (The train on route CFa may even have a delay of 17.45 minutes!)
There are several ways to deal with this problem. On the long term, we may
invest in additional sections. On the short term we may be able to improve the
station operating schedule by changing the routes through the station and changing
the timetable.

BFa
CFa
CFb

AEa
AFa
BDa
BEa

ADa

route

Table 2. The calculated upper and lower bounds for throughput and waiting times of trains

train on route arrival time
ADa
0
30
AEa
35
AFa
25
BDa
40
BEa
20
50
BFa
15
CFa
20
CFb
10

Table 1. A timetable
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BFa
CFa
CFb

AEa
AFa
BDa
BEa

ADa

min
6.4
6.4
6.4
6.8
6.4
6.4
6.4
6.8
6.8
6.8

throughput time

max
8.7
8.7
10.5
9.15
8.7
8.7
8.7
10.5
9.15
9.15

arrival time
0
30
15
45
50
0
30
15
0
30

min
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

waiting time

max
0.0
0.0
1.8
0.0
0.0
0.0
0.0
1.35
0.0
0.0

Let us adapt the timetable to reduce waiting times. Observing the reduced reachability graph shows that there are a lot of `con icts' between trains with destination
F. We can use this information to construct the improved timetable shown in table 3. The results for the new timetable are shown in table 4. Clearly, this new
schedule is a major improvement. There are only two trains having a potential
delay, the maximal delay of the train on route AEa is 1.8 minutes and the maximal
delay of the train on route BFa is 1.35 minutes. Note that these gures are `hard',
i.e. it can be proved that given the description in terms of an ITCPN these trains
have no or minor delays. This is important for a time-critical system like a railway
station, because an operating schedule where a delay incurred by some train causes
a cascade of delayed trains, should be avoided. By changing the delay intervals in
the ITCPN the robustness of an operating schedule can be tested.
In this particular example the token values do not matter. However, the MTSRT
method can be applied to arbitrary ITCPN's, i.e. also nets with coloured tokens.
See Van der Aalst [2], [3] for examples.

BFa
CFa
CFb

AEa
AFa
BDa
BEa

ADa

route
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The improved

train on route

Table 3.
timetable

Table 4. The results for the improved timetable
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Arnhem

Ut

Zp
Va
Zv

Nm

Figure 11. An animation of the railway station Arnhem

4.4. Simulation
Another approach to this problem was performed by the Dutch Railway Company
(NS) in cooperation with Bakkenist, Delft University of Technology and Eindhoven
University of Technology. This approach is also based of Petri nets, but uses simulation to analyse station operating schedules and infrastructures. The software
package ExSpect has been used to model the dynamic behaviour of trains in a
station in much more detail. Parameters of this model are lengths of platforms
and sections, characteristics of trains (length, acceleration, maximum speed, etc.),
track layout, alternative routes, preference structures, etc. The graphical interface
can be used enter these parameters and the resulting Petri net can be simulated
by ExSpect ([21], [22]). During the simulation it is possible to monitor train movements, con icts, etc. At the end of each run statistics like average waiting times,
occupation rates, etc. are reported. It is even possible to animate the railway
station, see gure 11.
If we compare this simulation approach with the approach based on the ITCPN
model, we see some striking di erences. The simulation model is much closer to the
actual situation than the ITCPN model described in section 4.1. However, there is
a lot of data required to start up the simulation and the simulation runs cannot be
used to prove properties!

5. Conclusion
In this paper we have used ITCPN's to model and analyse railway stations. The
ITCPN model uses a new timing mechanism where time is associated with tokens
and transitions determine a delay speci ed by an interval. Specifying each delay
by an interval rather than a deterministic value or stochastic variable is promising,
since it is possible to model uncertainty without having to bother about the delay
distribution.
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We have shown that the MTSRT method can been used to analyse throughput
and waiting times of trains in railway stations. This MTSRT method constructs
a reduced reachability graph. In such a graph a node corresponds to a set of
(similar) states, instead of a single state. The reduced reachability graph can be
used to prove certain properties or to calculate accurate bounds for all kinds of
performance measures (e.g. throughput times, waiting times, occupation rates).
The bounds calculated for these performance measures are always valid. Therefore,
the proposed approach is extremely useful when evaluating the design of a timecritical system like a railway station.
Moreover, other Petri net based analysis techniques can be used to detect potential deadlocks of trains, etc.
We also used simulation to do a more detailed analysis of the dynamic behaviour
of the railway station in Arnhem.
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A.1. Multi-sets
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2

a2A

1

1

2

(cardinality of a nite multi-set)

(subtraction)

(membership)
(inclusion)
(equality)
(summation)

We de ne an interval timed coloured Petri nets as follows:

non-negative reals.
INT = f[y; z] 2 TS  TS j y  zg, represents the set of all closed intervals.
If x 2 TS and [y; z] 2 INT , then x 2 [y; z] i y  x  z.

De nition. TS is the time set, TS = fx 2 IR j x  0g, i.e. the set of all

The ITCPN model presented in this paper is analogous to the model described in
[2]. However, in this paper we give a de nition which is closer to the de nition of
Coloured Petri Nets (CPN), see Jensen [13], [14], [15].
Nearly all timed Petri net models use a continuous time domain, so do we.

A.2. De nition of Interval Timed Coloured Petri Nets

See Jensen [14], [15] for more details.

1

X
aX
2A
b ;b =
((b (a) ; b (a)) max 0) a
a2A
X
#b =
b (a)

q 2 b1 i b1(q)  1
b1  b2 i 8a2A b1(a)  b2(a)
b1 = b2 i b1  b2 and b2  b1
b1 + b2 =
(b1(a) + b2(a)) a

operators can be extended to multi-sets in a rather straightforward way. Suppose
A a set, b1; b2 2 AMS and q 2 A:

De nition. We now introduce some operations on multi-sets. Most of the set

Consider for example the set A = fa; b; c; ::g, the multi-sets 3a, a + b + c + d,
1a + 2b + 3c + 4d and ;A are members of AMS .

a2A

X b(a) a

De nition. A multi-set b, over a set A, is a function from A to IN, i.e. b 2 A !
IN.1 If a 2 A then b(a) is the number of occurrences of a in the multi-set b. AMS is
the set of all multi-sets over A. The empty multi-set is denoted by ;A (or ;). We
often represent a multi-set b 2 AMS by the formal sum:2

element. Another word for multi-set is bag. Bag theory is a natural extension of
set theory (Jensen [14]).
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1. IN = f0; 1; 2; ::g
2. This notation has been adopted from Jensen [14].
3. A 6! B denotes the set of all partial functions from A to B.

Notes

(i)  is a set of types. Each type is a set of colours which may be attached to
one of the places.
(ii) and (iii) The places and transitions are described by two disjoint sets, i.e.
P \ T = ;.
(iv) Each place p 2 P has a set of allowed colours attached to it and this means
that a token residing in p must have a value v which is an element of this set, i.e.
v 2 C (p).
(v) CT is the set of all coloured tokens, i.e. all pairs hp; vi where p is the position
of the token and v is the value of the token.
(vi) The transition function speci es each transition in the ITCPN. For a transition t, F (t) speci es the relation between the multi-set of consumed tokens and
the multi-set of produced tokens. The domain of F (t) describes the condition on
which transition t is enabled. Note that the produced tokens have a delay speci ed
by an interval. In this paper, we require that both the multi-set of consumed tokens
and the multi-set of produced tokens contain nitely many elements.
Apart from the interval timing and a transition function instead of incidence
functions, this de nition resembles the de nition of a CP-matrix (see Jensen [13],
[15]).
The formal semantics (i.e. the dynamic behaviour) of the ITCPN model are given
in [2] and [3].

(; P; T; C; F ) satisfying the following requirements:
(i)  is a nite set of types, called colour sets.
(ii) P is a nite set of places.
(iii) T is a nite set of transitions.
(iv) C is a colour function. It is de ned from P into , i.e. C 2 P ! .
(v) CT = fhp; vi j p 2 P ^ v 2 C (p)g is the set of all possible coloured tokens.
(vi) F is the transition function. It is de ned from T into functions. If t 2 T ,
then:3
F (t) 2 CTMS 6! (CT  INT )MS

De nition. An Interval Timed Coloured Petri Net is a ve tuple ITCPN =
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